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Introduction

o In a 2017 paper [ILP17] SU(2) Yang-Mills solutions, found originally by Liischer in 1977
[Lus77], were rederived using conformal structures of dS,.

o The strategy employed in [ILP17] was: T x S3 conformal dS, conformal, 213 for

7 = (—%,%) along with the fact that S* is the group manifold of SU(2).

o We use similar techniques to obtain novel Yang—Mills solutions [Hir+23], albeit for the
non-compact cousin of SU(2) i.e. SU(1,1).

o Strategy: Z x AdS3 (Lonformal AdS, conformal, 7 5_3; followed by the previous
T x §3 <Ml R13 and noting that AdSs is the group manifold of SU(1,1).

o In both cases, gluing of two copies of dS4/AdS, is needed to cover full Minkowski space.
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Recap: dS, 2nfermal, 13

o Two conformal avatars of dS4 [KL20] with common S2-metric
dQ3 = d¢? + sin?0d¢? (0 € [0, 7] & ¢ € [0,27]):

2
ds® =

—— (—d7? 4+ dx® + sin®xdQ3)
SINTT

(1)
= (—dt? +dr? + r?dQ3)

)

where 7 € 7 := (—w/2,7/2), x €[0,7], t e R}y & r € R;..
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o Two conformal avatars of dS4 [KL20] with common S?-metric
dQ3 = d6? + sin®0d¢? (0 € [0, 7] & ¢ € [0,27]):

2
ds® =

—— (—dr? + dx® + sin*xdQ3)
sin’t
2

(1)
v (—dt? +dr? + r*dQ3)

)

where 7 € Z:= (—7/2,7/2), x €[0,7], t e Ry & r € R;.
o Effective map: (t,r) <> (7, x) with constraint x > |7|:

sinT r sin x )
R cosT —cosy R COST — COSY
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o Two conformal avatars of dS4 [KL20] with common S?-metric
dQ3 = d6? + sin®0d¢? (0 € [0, 7] & ¢ € [0,27]):

2
ds® =

—— (—dr? + dx® + sin*xdQ3)
sin’t
2

(1)
= (—dt? +dr? + r*dQ3) ,

where 7 € Z:= (—7/2,7/2), x €[0,7], t e Ry & r € R;.
o Effective map: (t,r) <> (7, x) with constraint x > |7|:

sinT r sin x )
R cosT —cosy R COST — COSY

o To recover full Minkowski space, extend 7 to 7= (=m,m);

glue two dS, copies at t=7=0. See Penrose diagram on right.
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o Two conformal avatars of dS, [KL20] with common S2-metric
dQ3 = d6? + sin®0d¢? (0 € [0, 7] & ¢ € [0,27]):

R2
ds® =

—— (—dr? +dx® +sin’xdQ3)  S7cyl
SN~ T (1)

R2

= — (—d? +dr* +2dQ3)  Mink,

t 0

where 7 € Z:= (—7/2,7/2), x €[0,7], t e Ry & r € R;.

o Effective map: (t,r) <> (7, x) with constraint x > |7|:
t sint ro_
R  cost—cosy R

sin x
COST — COSY
o To recover full Minkowski space, extend T to 7= (=m,m);
glue two dS, copies at t=7=0. See Penrose diagram on right.
K.Kumar (HU-Berlin)
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AdS4 conformal R1’3

o Consider following two conformal versions of AdSy,

R?
ds® = oy (dy? — cosh®pdr? + dp? + sinh®p d¢?)
- e
= cos?x (—d7'2 + dx? + sin?y dQ%)

where o € T = (—m/2,7/2), p € Ry, ¢,7 € S, but x € [0,7/2).

conformal 7 5
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o Consider following two conformal versions of AdSy,

R2
ds? = = (dw2 - costh dr? + d,o2 + sinh2p d¢2)
- 3)
= o (—=d7? + dx® + sin®x dQ3)

where ¢ € T = (—7/2,7/2), p € Ry, ¢,7 € S, but x € [0,7/2).

o Need to glue two AdS, copies—this time sideways—to recover full Minkowski space; can
be achieved in two steps:
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o Consider following two conformal versions of AdSy,
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o Consider following two conformal versions of AdSy,

R2
ds? = = (dw2 - cosh2p dr? + d,o2 + sinh2p d¢2)
- 3)
= oy (—=d7? + dx® + sin®x dQ3)

where ¢ € T = (—7/2,7/2), p € Ry, ¢,7 € S, but x € [0,7/2).

o Need to glue two AdS, copies—this time sideways—to recover full Minkowski space; can
be achieved in two steps:

L. Join S} (e=+1,x < ) with S> (e= —1,x > ) along the equatorial 5* via
tanhp = esinfsiny, tany = —c cosf tany 4
2. Use previous (T, x) — (t, r) to get Minkowski coordinates; effectively, (7, p, 1) Lont., (t,r,0).

o Caveat: singularity encountered @boundary x=7%, which is r’—t>=R2.

conformal 7 5
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Figure 1: Gluing of two AdSs4 (across dashed line) to reveal full Minkowski space with the lightcone
@origin (red). Left: Penrose diagram of (7, ) space with constant t- (blue) and r-slices (brown).
Right: Minkowski space of (t, r) coordinates with constant (blue) 7- and (brown) x-slices.

=} F = = £ A
i . . conformal 1.3
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SU(1,1) Lie algebra and one-forms

1 _:.2 3 . 4
1.2 3 4 y -y y -y
AdSS > (y Y YL, Y Y ) = <y3_|_1y4 y1+1y2> € SU(la 1) (5)
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1_:2 3 _: 4
1,2 .3 4 y -y -y
AdS3 > (y',y5,y7y") = <y3+iy4 y1+iy2> € su(1,1)
Can obtain the left-invariant one-forms e*, « = 0, 1,2 via Maurer—Cartan method:

Qg) = g'dg = €l [lasls] = 2150 and tr(lals) = 27ap

with f3; = f5, = —f%, = 1 for sl(2, R) generators I, and (1,5) = diag(—1,1,1).

K.Kumar (HU-Berlin) Yang-Mills on AdSy, SU(1, 1) Lie algebra and one-forms



YangMillsAdS4 9/18 QTS12

1 -2 3_:.,4
1.2 3 4 y -y -y
AdS3 3 (y',y5,y7y") = <y3+iy4 y1+iy2> € su(1,1) (5)

Can obtain the left-invariant one-forms e*, « = 0, 1,2 via Maurer—Cartan method:
Qg) = g'dg = €l [laylg] = 2 fogl and tr(lals) = 2nap (6)
with 3, = f5, = —f%, = 1 for s(2, R) generators I, and (1,3) = diag(—1,1,1). Moreover,

and ds%, = dy? +1.se“e” ON-frame  (7)

cyl
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1.2 .3 4 yl—iy?  y3-iy*

AdS3 > (y',y5,y7y") = <y3+iy4 y1+iy2> €SU(1,1) (5)
Can obtain the left-invariant one-forms e*, « = 0, 1,2 via Maurer—Cartan method:

Qg) = g'dg = €l [laylg] = 2 fogl and tr(lals) = 2nap (6)
with 3, = f5, = —f%, = 1 for s(2, R) generators I, and (1,3) = diag(—1,1,1). Moreover,

and dsfyl = dy? +nape”e” ON-frame (M)

A generic gauge field A in this frame can be made SU(1, 1)-symmetric by,

A= Aye’ + A, e A9, A = Xo(¢) e

= F = dA+ANA = X, e’ Ne® + L(-2f% Xo +[X5. X,]) €7 N e .
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1,2 .3 4 yl—iy?  y3-iy*
AdS3 > (y',y5,y7y") = <y3+iy4 y1+iy2> €SU(1,1) (5)
Can obtain the left-invariant one-forms e*, « = 0, 1,2 via Maurer—Cartan method:
Qg) = g'dg = €l [laylg] = 2 fogl and tr(lals) = 2nap (6)
with 3, = f5, = —f%, = 1 for s(2, R) generators I, and (1,3) = diag(—1,1,1). Moreover,
and dsfyl = dy? +nape”e” ON-frame (M)

A generic gauge field A in this frame can be made SU(1, 1)-symmetric by,

A= Agel + A e 2% A = X () e -
= F = dA+ANA = X, e’ Ne® + L(-2f% Xo +[X5. X,]) €7 N e .
Gauss-law constraint [X,, X.,] = 0 of the eom #d % F = 0 can be readily satisfied for
Xo=00(Y)lo, Xi=01(¢Y)h, Xo=0x)h. 9)

K.Kumar (HU-Berlin) Yang-Mills on AdSy, SU(1, 1) Lie algebra and one-forms
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The Yang-Mills Langrangian £ = 1tr(F A *F) computes to,
L = HrFpaF" + 3trF5,F7

= 15°(0L)? — 2{(61-©:00) + (02-0¢01)? + (€0 ~0102)*} .

K.Kumar (HU-Berlin) Yang-Mills on AdSy, SU(1, 1) Lie algebra and one-forms
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The Yang-Mills Langrangian £ = 1tr(F A *F) computes to,
L = MHrFy Fv + eFg, F7

=3 Z(efx)2 —2{(©1—6260)* + (02—0001)* + (09—©10,)*} . (10)

Notice the discrete symmetry of the permutation group S, acting by permuting {©,} and
flipping the sign of any two. Its maximal normal subgroups S; and Dg yields exact solutions:
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The Yang-Mills Langrangian £ = 1tr(F A *F) computes to,

L = HrFpaF" + 3trF5,F7

= 15°(0L)? — 2{(61-©:00) + (02-0¢01)? + (€0 ~0102)*} .

(10)

Notice the discrete symmetry of the permutation group S, acting by permuting {©,} and
flipping the sign of any two. Its maximal normal subgroups S; and Dg yields exact solutions:

o Non-equivariant Abelian ansatz:

@0 = h(’L/)) while @1 = 92 =0 5
— h” = —4h
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The Yang-Mills Langrangian £ = 1tr(F A *F) computes to,
L = HrFpaF" + 3trF5,F7

=3 Z(@;f —2{(©1—6260)* + (02—0001)* + (09—©10,)*} . (10)

Notice the discrete symmetry of the permutation group S, acting by permuting {©,} and
flipping the sign of any two. Its maximal normal subgroups S; and Dg yields exact solutions:

o Non-equivariant Abelian ansatz:
eo = h(l/)) while @1 = 92 =0 ;
— h” = —4h
o Equivariant non-Ablian ansatz:
©p=6,=0, = %(1 + q)(w))
= ¢ =20(1-9?) = -3
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QTS12

The Yang-Mills Langrangian £ = 1tr(F A *F) computes to,

L

MrFyo FVY + jtrFp, FPY

3D (0L)° = 2{(81-6260)* + (©2-0001 ) + (©0—©102)°} .

(10)

Notice the discrete symmetry of the permutation group S, acting by permuting {©,} and
flipping the sign of any two. Its maximal normal subgroups S; and Dg yields exact solutions:

o Non-equivariant Abelian ansatz:

eo = h(l/)) while @1 = 92 =0 ;
— h” = —4h
o Equivariant non-Ablian ansatz:
©y=0; =06, = %(1 + q)(w))
= ¢ =20(1-9?) = -3

K.Kumar (HU-Berlin)
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Figure 2: Potential V(&) = 3(¢° — 1)°.
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Non-Abelian solution

Using (7, p,¥) = (7, x,0) — (t,r,0) for R=1 along with abbreviations x - dx := x,dx*,
el = €2 :=¢ and €% := 1 we can write the Minkowski one-forms in a compact form as,

& = s (20D e — ax o dx— 47 X))

11
eV = (—2)\dz+42x~dx), where A = r? —t>—1. (11)

& _
A2+422

K.Kumar (HU-Berlin) Exact gauge fields Non-Abelian solution
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Using (T, p,¥) — (7, x,6) — (t, r,0) for R=1 along with abbreviations x - dx := x,dx*,
el =£2:=¢ and €% := 1 we can write the Minkowski one-forms in a compact form as,

e® = ﬁiz? (2()\+2) dx® — 4x% x - dx — 4f%’7 xﬁdx'y) ,
e¥ = i (—2Adz +4zx-dx) , where X = r2—t>—1.

(11)

Fields are obtained from the field strength F of A= A = %(1 + CD(w(x))) lo €%, dx*,
F=3(0@0) letet — J1-0(0(x)") la 3, ehe?, ) dx" Adx” s (12)

K.Kumar (HU-Berlin) Exact gauge fields Non-Abelian solution
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Using (T, p,¥) — (7, x,6) — (t, r,0) for R=1 along with abbreviations x - dx := x,dx*,
el =£2:=¢ and €% := 1 we can write the Minkowski one-forms in a compact form as,

e® = ﬁ(zz? (2()\+2) dx®* —4x“x-dx — 4 f?é7 xﬁdx'y) ,

eV = ﬁ(—2)\dz+42x~dx) , where A = r2—t>2—1. (11)
Fields are obtained from the field strength F of A= A = %(1 + ¢(w(x))) lo €%, dx*,
F=3(0@0) letet — J1-0(0(x)") la 3, ehe?, ) dx" Adx” s (12)
Color EM fields in terms of Riemann-Silberstein vector S := E + iB:
Sy = —% {2 [ty+ix(z+i)] lo + 2¢ [xy+it(z+i)] h + e [t2—x*+y>+(z+i)?] 12}
S, = % {2[tx—iy(z+i)] lo + € [t+x*—y?+(z-+1)?] h + 2¢[xy—it(z+i)] /2}
S, = % {i[t2+x2+y2—(2+i)2] lo + 2e[itx—y(z+i)| h + 2e[ity+x(z+i)] IQ}

K.Kumar (HU-Berlin) Exact gauge fields Non-Abelian solution
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QTS12
The corresponding stress-energy tensor
T = =50 (0,8, 1°7 = 30”07 ) tr(Fpo Far) (13)
also takes a nice compact form as (e := —3 ((®')? + (1-9?)?))
= - N2 442%) 4 16x,x32°
8 . . aB 77@/3( aXpZ
_ 2 € af a3 . _ _ 22
(Tw) = 2 (Zra) (f3a t33> with 30 = taz = —8x,z(A-3z7), (14)

t33 = 302 —4Z3(1 + 4\ — 42%)

K.Kumar (HU-Berlin) Exact gauge fields Non-Abelian solution
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QTS12
The corresponding stress-energy tensor
T = =50 (0,8, 1°7 = 30”07 ) tr(Fpo Far) (13)
also takes a nice compact form as (e := —3 ((®')? + (1-9?)?))
6 tas = —Nap(MN2H42%) + 16x,x522
_ 2 € ta,@ ta3 s _ _ a2
(Tw) = 2 (Zra) <f3a t33> with 30 = taz = —8x,z(A-3z7), (14)

t33 = 302 —4Z3(1 + 4\ — 42%)

The fields E, B and T, are singular at the intersection of A=0 hyperbola HY? and z=0-plane.

10 05 X

Yoo e Figure 3: Plots for the energy
o density p o< ()\2+422)_2|t:0.
oo Left: Level sets for the values
10 (orange), 100 (cyan), and
1000 (brown). Right: Density
plot emphasizing the maxima.

o}
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Abelian solution

Same field expression across the hyperbola A=0; choose A = f% cos2(w(x)+5w0) eoﬂ dx#:
F = {sin2((x)+eto) €%’ — cos2(¥(x)+etp) €', €2, } dxt A dx” . (15)

K.Kumar (HU-Berlin) Exact gauge fields Abelian solution
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Same field expression across the hyperbola A=0; choose A = —% cos2(¢(x)—|—51/)0) eO# dx#:

F = {sin2((x)+eto) €%’ — cos2(¥(x)+etp) €', €2, } dx" Adx” . (15)
RS-vector reminiscent of the Hopf—-Ran3da knot

= = 4e2i¢0 -2 (ty +_ X (Z—H))
E+IBZW 2(tX—1y(Z+l))
(62 +x%+ y? — (z+i)?)

K.Kumar (HU-Berlin) Exact gauge fields Abelian solution
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Same field expression across the hyperbola A=0; choose A = —% cos2(w(x)—|—51/)0) eoﬂ dx#:

F = {sin2((x)+eto) €%’ — cos2(¥(x)+etp) €', €2, } dx" Adx” . (15)
RS-vector reminiscent of the Hopf—-Ran3da knot

= = 4e2i¢0 -2 (ty +_ X (Z—H))
E+IBZW 2(tX—1y(Z+l))
(62 +x%+ y? — (z+i)?)

o A limiting case 1p=z=0 reproduces the
magnetic field of a magnetic vortex [RS18].

K.Kumar (HU-Berlin) Exact gauge fields Abelian solution
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Same field expression across the hyperbola A=0; choose A = —% cos2(¢(x)—|—51/)0) eoﬂ dx#:
F = {sin2(sb(x)+etbo) e¥,€%, — cos2(¢h(x)+etp) €', €2, } dxH Adx” . (15)

RS-vector reminiscent of the Hopf—-Ran3da knot
=2 (ty +ix (z+i))

2 (tx — iy (z-+i))
(2 +x2+y? — (z+1)?)

= = 4e2i%0
E+iB= ———
i (A +2iz)3

o A limiting case ¥9=z=0 reproduces the
magnetic field of a magnetic vortex [RS18].

o Typical electric (red) and magnetic (green)
field lines on right for t=10, ¢=7% inside
r=+/101. The fields diverge at the (black)
singular equatorial circle: A=0()z=0( t=10.

K.Kumar (HU-Berlin) Exact gauge fields
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Conclusion

o First, we employed the AdSs-slicing of AdS, and the group manifold structure of SU(1,1)
to find Yang—Mills solutions on Z x AdSs.
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Conclusion
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since Yang—Mills theory is conformally invariant in 4-dimensions.

o These gauge fields are singular on a 2-dimensional hyperboloid x?>+y?—t%> = 1, but this
singularity is milder than the one we started with, namely r?—t>—1 = 0.

o Due to this singularity the total energy diverges for both kinds of gauge fields, thereby
limiting their physical usefulness.

o Nevertheless, our Abelian solutions were found to match the magnetic field of a known
vortex magnetic mode on SU(1,1) [RS18]. What about the other two Abelian solutions?
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